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The problem of programming a temperature--time process at the active surface of a thermo- 
electric battery is solved by synthesis of a control function. The equation of the controlling 
current--time curve is found. Considered are the problem of implementing a monotonic tem- 
perature decrease and the problem of generating complex temperature waveforms. 

Measurement  p rocedures  as well as biological and physical  exper iments  may require  that the t e m -  
pe ra tu re  of the object be var ied  according to a cer ta in  t empera tu re - - t ime  relation. Whenever cooling of 
the object is required within some time interval,  one may use semiconductor - type  thermoelec t r ic  bat ter ies  
for  that purpose.  The tempera ture  at the bat tery  surface can then be control led by an appropria te  v a r i a -  
tion of the supply cu r r en t  with time. 

Synthesizing a p r o g r a m m e d  control  of a the rmoe lec t r i c  cooling o r  heating p roce s s  means  determining 
the cu r ren t - - t ime  curve  which will ensure  the p resc r ibed  t empera tu re - - t ime  relat ion at the active surface 
of such a the rmoelec t r i c  battery.  The solution of this problem requi res  essent ia l ly  answers  to two ques -  
tions. Inasmuch as the rate of cooling by means  of the rmoe lec t r i c  devices  is limited, one mus t  know f i rs t  
what kind of t empera tu re - - t ime  relat ions can be synthesized by this method. Next, one mus t  find the a lgo-  
r i thm for  calculating the cu r ren t - - t ime  curve f rom the given t empera tu re - - t ime  relation. 

The feasibili ty of attacking this synthesis  problem has been suggested f i rs t  in [1]. Test  data on con-  
t rol l ing the surface  tempera ture  of the rmoe lec t r i c  cells  a re  given in [2]. 

We will a ssume that the tempera ture  distr ibution @(Fo, • is descr ibed  by the following equations: 

020 O0 
v 2(Fo) ( O • x < I ,  Fo>O),  (1) 

07. 2 0 (Fo) 

00 z=o dO ~~ (Fo) ox - -  ': (Fo) e~o) (~'o) - -  n d(Fo) Bi (e~o) (~'o) - -  %) + ~v~(Fo)=0 ,  (2) 

O (Fo, 1) = @a, O (0, Z) = -- 0.5v~z 2 + AX + B (@~o) (eo) ~ O (Vo, 0)). (3) 

In Eqs. (1)-(3) we use dimensionless  var iables  and p a r a m e t e r s ,  namely:  t empera tu re  ~ = zT, cur ren t  
density v = (ed/~)j, t ime Fo = (M/cd2), dis tance • = x /d ,  heat t r ans f e r  ra te  Bi = ad /M specific heat of the 
load mate r i a l  ~? = g /cd ,  and contact  r es i s t ance  ~ = r / p d  (see [3]). This mathemat ica l  model  takes into a c -  
count the generat ion of Joulean heat along the c i rcu i t  branches  of the rmoe lec t r i c  cell  v2(Fo) and at the junc-  
tion contacts  }v2(Fo), the P e t t i e r  effect v(Fo) |176 the heat t r ans f e r  f rom the cooled object surface,  
and the thermal  capaci ty  of commuta tor  bars  as well as of the object connected to them. The hot junctions 
are  considered to remain  at a constant  t empera tu re  | and the initial t empera tu re  distr ibution is considered 
to be matching the initial s teady-s ta te  cu r ren t  v o. The constants  A and B are easi ly  defined as follows: 
B = [@t + Bi | + (0.5 + ~) v~] (v 0 + Bi + 1) -i,  A = (v 0 + Bi) B - B i  |  2. 

Applying the Laplace t rans format ion  to Eq. (1), with the boundary conditions (2) and (3), we obtain 
the following functional relat ion for  the t r ans fo rms  (~(0) = L{ | ): 
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Fig. i. Synthesis of a monotonic t e m p e r a t u r e - t i m e  re la t ion 
( B i = 0 ,  ~ = 0 ,  $ =0.01).  Scale on the &| is 0.05. 

v-O(~ + Bi (g(o) _ Oop-~ ) _ ~2  __ Ap-~ +~l (p~(o) _ B) 
(4) " 

It will not be too r e s t r i c t i ve  to a s sume  that the der ivat ive  0(0) (Fo) is I,ap_lace t rans formable  along the t e m p e r a -  
t u r e - t i m e  curves  |176 = dO(~ to be synthesized at the surface .  Then (4)yie lds  the following 
re la t ion between the control led t empe ra tu r e  | and the supply cu r r en t  v(Fo): 

He re  

F| 

(Fo) = [0(~ (Fo) + S K(Fo--'0v2(~)dv + @(Fo, O(~ (Fo))l. 
0 

(5) 

@ (Fo, O(~ = - -  ~lOc o) (Fo) + Bi (O o ~ O(o) (Fo)) + A 
F| F| 

0 0 

0o 

K(Fo) := ~a(1, Fo)--ffo(0, Fo); 03(1 , F o ) :  1 +  2 Xexp(--rr 
k = l  

0 o (0, Fo) = 1 +2 ~ (-- 1) k exp (-- n2k  2 Fo). 

The solution to this nonlinear  in tegral  equation (5), which de te rmines  the sought control  function 
v(To), can be found for  a large c lass  of synthesizable functions | by the method of success ive  approx-  
imations. In Figs.  1-3 a re  shown examples  of t empera tu re  ( temperature  drop) curves  to be synthesized 
A | = |174176 (Fo) and appropr ia te  c u r r e n t  curves  v(To) calculated f rom the f o r m e r  according to Eq. 
(5). The graphs of function A | (To) in Fig. 1 r ep r e sen t  polynomials  in t ime. The t empera tu re  drop 
A| inFig.  2 is r ep resen ted  by a piecewise l inear  function of t ime,  and the use of the appropr ia te  c u r -  
r en t  control  v(To) will  make it feasible to reduce  the t ime to reach  s teady-s ta te  cooling. A periodic 
var ia t ion  of t e m p e r a t u r e  is depicted in Fig. 3, indicating the feasibil i ty,  when ~? ~ 0, of generat ing a t e m -  
pe r a tu r e  wave with a jump of |176 by means  of an in termi t tent  cu r r en t  control  v(To). 

We will now point out some fea tures  of Eq. (5) which make feasible its effect ive solution by the i t e r a -  
tion method. Le t  us cons ider  the synthesis  of a monotonic t empera tu re  dec rease  during the t ime interval  
[0, El. Le t  the t e m p e r a t u r e -  t ime curve to be synthesized |176 belong to the c lass  CI[0, E] continuous 
on the in terval  [0, E] along with its der ivat ive .  Then function r = O(To, |176 on the right-hand 
side of Eq. (5) will be posi t ive and continuous. The solution v(To) to Eq. (5) will in this case have to be 
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Accele ra ted  reaching of s teady-state t empera tu re  
(Bi = 0, ~ = 0, ~ = 0.01). 
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Fig. 3. Synthesis of a trapezoidal 
periodic temperature variation (Bi 
= 5, ~ = 0.1, ~ = 0.01). 

sought in the subse t  D of nonnegative continuous functions in 
the C[0, E] space.  Upon a logical  introduction of a pa r t i a l  r e g -  
u la r i ty  among e l emen t s  of se t  D and upon an examinat ion of Eq. 
(5), one can a s c e r t a i n  that the r ight -hand side of this equation 
is a monotonic continuous opera to r .  By vi r tue  of Sehauder ' s  
t h e o r e m  [4], Eq. (5) has on the in te rva l  [0, w0] of se t  D a so lu -  
t ion u(Fo) (u - w0) which is unique and which can be obtained by 
the method of succes s ive  approx imat ions ,  if e l emen t  w 0 s a t i s -  
t ies  the condition 

Fo 

te o (Fo) O(~ (Fo)i~ ~v~(Fo)~- j" /f (Fo - -  T) co~ (T) d'c & �9 (Fo, O(~ (6) 
0 

The sufficient condition (6) for the synthesizability of a 
monotonic relation | (Fo) lends itself to a simple physical 
interpretation. If for a given monotonic temperature--time re- 
lation | (Fo) there is such a current--time curve w0(Fo ) ac- 
cording to which the Peltier heat output W0(Fo ) | (Fo) will at 

Thus,  
if 

e v e r y  instant  of t ime  exceed the Joule heat  input plus the hea t  input f r o m  the ambien t  med ium to the Cold 
junctions Fo E [0, El,  then it is feas ib le  to des ign a suppIy c u r r e n t  u(Fo) _< w0(Fo ) whs will  ensure  the r e -  
qu i red  cooling c h a r a c t e r i s t i c  exact ly .  

We will  now apply the method of succes s ive  approx imat ions  to the de te rmina t ion  of the supply cu r r en t  
for  a t h e r m o e l e c t r i c  ba t t e ry  when O(~ (Fo) ' is  a per iodic  function. Then,  with t ime  Fo increas ing ,  function 
~0 (Fo) on the r ight  side of Eq. (5) will  approach  the per iodic  function ~*(Fo) eas i ly  calcula ted f rom func-  
t ion O(~ (Fo). The s t e a d y - s t a t e  cont ro l  cu r r en t  for  synthes iz ing the t e m p e r a t u r e  osci l la t ion mode will  
a lso  be per iodic  and is desc r ibed  by the equation: 

F o  

v(Fo) = [O(~ 2 (Fo) + ~ K(Fo - -  T) v 2 (T) d~ + O* (Fo, O(Q)(Fo)). 

Using the method of fas t  t r a n s f o r m s  [4], one can indicate the sufficient conditions for  both the exis tence  
and the uniqueness of solution (7) as well  as  for  the convergence  of success ive  approximat ions .  

a per iodic  function | (Fo) which toge ther  with its de r iva t ive  is continuous can be synthes ized,  

O* (Fo) 
min O(~ + 2 (1 -- 2~) max < 2 rain O(~ (8) 

Fo - Fo O(~ Fo 

(1 ~- 2~)min O*(Fo) / 
~ Fo O(~ / < minFo O(~176 (9) 

Inequali t ies  (8) and (9) can be sa t i s f ied ,  if the min imum t e m p e r a t u r e  O(~ (Fo) is bounded f rom below 
and if function [q~*(Fo) l and thus a lso  function I O(~ (Fo) l a r e  bounded. In the spec ia l  case  of harmonic  te rn-  
p e r a t u r e  osc i l la t ions  with an ampli tude a and at  a f requency co, inequali t ies  (8) and (9) a r e  sa t i s f ied  under  
the condition that both a and co a r e  r e s t r i c t e d  as  follows: 

1 

2a (1 4- 2~)[010) q- R (0)))2+ (1 -~ Bi -) S (o))21Y ~ ( 0 0 -  a) ~. (10) 

Res t r i c t i on  (10) is based on the a s sumpt ion  that  O 0 = ~ and that  the t e m p e r a t u r e  0(~ (Fo) osc i l l a tes  
s y m m e t r i c a I l y  about ~0. Funct ions R(co) and S(c~) a r e  given in t e r m s  of se r i e s :  

co oe 

(~) = 2~ ~ ~k~-(~ ~ + ~k~)-l, s (o,) = 2 ~  ~ ( ~  + ~k~)-~. (11) 
k = l  k ~ I  

When co ~ 0, then inequali ty (10) r educes  to the r e q u i r e m e n t  that  the ampli tude of a genera ted  t e m p e r a t u r e  
wave not exceed the m a x i m u m  s t e a d y - s t a t e  t e m p e r a t u r e  drop. This r equ i r emen t  is the n e c e s s a r y  con-  
dition for  synthesiz ing low-f requency  osci l la t ions .  

In conclusion,  we note the following. The method of success ive  approx imat ions ,  which has been 
applied he re  to the synthes is  p rob l em ,  e n s u r e s  a fas t  convergence  of ca lcula t ions  and is sui table for  a la rge  
c l a s s  of functions to be synthesized.  At the s a m e  t ime ,  Eq. (5) can a lso  be success fu l ly  solved by other  
methods  as ,  for  example ,  by methods  used in the theory  of nonl inear  osci l la t ions .  These  l a t t e r  methods ,  
when used for  the design of t h e r m o e l e c t r i c  ba t t e r i e s  opera t ing in the harmonic  gene ra to r  mode,  yield a 
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s y s t e m  of a lgebra ic  equations f rom which the F o u r i e r  s e r i e s  coeff ic ients  for  the contro l  function v(Fo) 
can  be de te rmined .  Such an approach  m a k e s  it poss ib le  to evaluate  analyt ica l ly  how the r m s  cu r r en t  and 
the c u r r e n t  ampl i tude i nc rea se  with h igher  f requenc ies  of the genera ted  wave.  It a lso  m a k e s  it poss ib le  to 
r e l a t e  the p a r a m e t e r s  of the contro l  c u r r e n t  to the magni tude of the t h e r m a l  load. 
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N O T A T I O N  

m the absolu te  t e m p e r a t u r e ;  
~s the t ime;  
Is  the length coordinate ;  
m the height  of a t h e r m o e l e c t r i c  cell ;  
is the c u r r e n t  densi ty;  
m the d imens ion le s s  ambien t  t e m p e r a t u r e ;  
is the t h e r m a l  conductivi ty o f  the m a t e r i a l  of a t h e r m o e l e c t r i c  c i rcu i t  branch;  
is the speci f ic  heat  of the m a t e r i a l  of a t h e r m o e l e c t r i c  c i rcu i t  branch,  r e f e r r e d  to volume;  
is the r e s i s t i v i t y  of the m a t e r i a l  of a t h e r m o e l e c t r i c  c i rcu i t  branch;  
is the coeff ic ient  of t h e r m a l  e m f  for  a thermocouple ;  
is the t h e r m o e l e c t r i c  quali ty factor ;  
is the coeff ic ient  of convect ive  heat  t r a n s f e r ;  
is the t h e r m a l  capaci ty  of the c o m m u t a t o r  b a r s  and of the cooled object;  
is  the contac t  r e s i s t a n c e  (g and r a re  both r e f e r r e d  to a unit a r e a  of act ive  sur face  in a t h e r m o -  
e l ec t r i c  cell).  
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